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Abstract—Convective heat transfer rate has been quantified 

for a three dimensional computational domain using 

Al2O3−water nanofluid under different boundary conditions. A 

triangular duct with 180−degree bend has been chosen. The 

governing equations have been solved numerically employing 

commercial code of Fluent 16. The Reynolds number and 

nanofluid volume fraction have been varied in the range of 1,000-

2,000 and 0%-5%, respectively. It has been observed that the 

heat transfer rate is a strong function of both Reynolds number 

and nanofluid volume fraction. The peripheral walls of the bend 

portion have been applied with constant temperature boundary 

conditions. It has been noticed that when wall-3 is applied with 

constant temperature, the Nusselt number is higher than the case 

when wall-1 is applied with constant temperature. 

Keywords— Nanofluid; laminar flow; U-bend; convection 

I.  INTRODUCTION  

Convection is a heat transfer phenomena in which 

heat is carried out through bulk motion of the fluid. If the 

thermal conductivity of the fluid medium is increased, it is 

possible to dissipate more heat from a heated surface to the 

bulk fluid. Conventional fluids such as oil and water are not 

able to dissipate more heat due to their low thermal 

conductivities. Moreover, the heat transfer rate is also affected 

by the operating conditions, the surface area and velocity of 

fluid flow. The miniaturization of thermal devices demands 

elimination of a high heat transfer rate from a small surface 

area so as to safe guard the devices and to meet the present 

need of longer durability. Thus, it is challenging to design 

such devices. Therefore, researchers [1–3] have attempted to 

optimize the geometry of engineering equipment in order to 

attain higher thermal efficiency. Also, the focus has been 

shifted to implement nanofluid as a heat transfer augmenter 

since it has a high thermal conductivity. 

The fluid flow and heat transfer characteristics of a 

flow containing millimeter and micrometer sized particles 

have been studied by different researchers [4–7]. Although, 

the suspended particles cause channel clogging, abrasion of 

tubes and have poor suspension stability, the high thermal 

conductivity of these fluids makes them suitable for heat 

transfer applications [8]. Xuan and Li [9], Wang and 

Majumdar [10], Kakac and Pramuanjaroenkij [11] studied the 

heat transfer enhancement of nanofluids. They demonstrated 

that a higher heat transfer is obtained with the use of 

nanofluids because of an increased surface area around 

nanoparticle in the base fluid, thermal conductivity of the 

suspension, intense particle collision, thermal diffusion and 

Brownian motion. The effect of nanoparticle size on heat 

transfer has been studied by Anoop et al [12], who reported a 

better heat transfer enhancement with smaller (45nm diameter) 

nanoparticle as compared to bigger (150nm diameter) ones. 

Wen and Ding [13] carried out an experimental investigation 

for heat transfer characteristics of nanofluids in the developing 

region of a straight pipe. Also, an experimental investigation 

of the convective heat transfer enhancement using Al2O3/water 

fluid flowing in a square duct was carried out by Heris et al 

[15]. They concluded that the poor heat transfer performance 

of a non-circular cross section such as square can be overcome 

using nanofluids. They also reported that there exists the static 

fluid region near the corners of the non-circular ducts; and 

with the use of nanofluid, the nanoparticles can migrate to the 

sharp corners and effectively dissipate heat from those regions 

so as to enhance the heat transfer.  

From the above literature review, it is evident that 

research related to heat transfer enhancement in a U-bend duct 

with triangular cross-section using Al2O3 has not been carried 

out earlier. As far as the authors’ knowledge is concerned, this 

investigation is the first of its kind. Thus, in this study, an 

attempt has been made, through numerical analysis, to 

measure the enhancement of heat transfer varying nanofluid 

volume fraction and Reynolds Number.  



II. MATHEMATICAL FORMULATION 

A. Physical model and grid arrangement: 

An equilateral triangular duct having a 180-degree U-bend 

has been taken for the present numerical investigation.  

 
(a) 

 
 (b) 

 
Fig.1. Physical model with grid arrangement (a); Expanded and cutaway view 

of grid arrangement in U-bend (b) 
 

The hydraulic diameter (Dh) and the lengths of the 

approaching and return portions of the duct are 0.03m and 

100×Dh, respectively. Hexahedral cells have been used for the 

straight length of duct, while tetrahedral cells are used for the 

U-bend portion to mesh the computational domain. Thus, a 

hybrid meshing (Tetrahedral + Hexahedral cells) scheme has 

been deployed here to control the number of cells in the 

computational domain. Since the flow would experience a 

centrifugal force in the U-bend due to curvature effect, fine 

meshing has been adopted near the walls to capture the sharp 

gradient in flow variables. 

B. Governing equations: 

Conservation equations for mass, momentum and energy 

have been solved iteratively through finite volume technique. 

Since the size of nano particles is generally less than 100nm, 

the mixture involving the nanoparticle and base fluid behaves 

as a continuous medium like a single phase fluid. In this study, 

the following assumptions have been made: 

1. The average flow is steady, laminar and single phase. 

2. The slip velocity between nanoparticles and base 

fluid is negligible, and the thermal equilibrium 

between the continuous phase and discrete particles is 

prevailed.  

3. The nanofluid is treated as incompressible and 

Newtonian with constant physical properties. The 

thermal radiation, viscous dissipation, and 

compression work are negligibly small in the energy 

equation. Thus, these terms are neglected. 

With the above assumptions, the governing equations are 

written as follows: 

Continuity  

. 0nf nf      (1) 

 

 

Momentum 

.( ) .( )nf nf nf p        (2) 

Energy 

, . .( )nf p nf nf nf nfC T k T      (3) 

Where   is the stress tensor. Since constant fluid 

properties have been used in the present study, viscosity and 

thermal conductivity of the nanofluid have been kept constant. 

C. Boundary conditions: 

Since Eq. (1) − (3) are elliptic, and nonlinear partial 

differential equations, an iterative solution method has been 

adopted to solve the unknown variables by imposing 

appropriate boundary conditions. At the inlet of the duct, 

velocity inlet boundary condition has been employed where an 

axial velocity 
inu and temperature

inT , which is equal to
oT , are 

specified. The outlet was defined with a pressure outlet 

boundary condition since atmospheric pressure prevails at the 

pipe outlet. As the length of the straight channel is 100 times 

Dh, the flow is expected to be hydro-dynamically fully 

developed before reaching the U-bend. Here, the approaching 

and return portions of 180-degree bend are subjected to 

adiabatic boundary conditions. A constant wall temperature 

( 353wT K ) has been applied to each of the walls 1 and 3 

separately. The mathematical descriptions are given as 

follows: 

 

Pipe Inlet: 0, ,in in ov w u u T T T      (4) 

Pipe Outlet:  
()

0
d

dn
     (5) 

 

Where, n is the outward normal drawn to the pipe outlet. 

 

Adiabatic walls of pipe:  0u v w    

0
dT dT dT

dx dy dz
     (6) 

Constant temperature at U-bend walls: 0u v w    

x y z wT T T T      (7) 

D. Physical properties of nanofluid: 

Al2O3 nanoparticle when mixed with water is assumed to 

disperse well with the base fluid, and hence, its thermo-

physical properties are evaluated from some well-known 

classical formulae for single phase, constant property fluids. 

Different thermo-physical properties of Al2O3 nanoparticle 

and water (i.e., base fluid) are given in the Table 1. The 

subscripts p, bf and nf represent the nanoparticle, base fluid 

and nanofluid, respectively.  

Wall-1 

Wall-2 

Wall-3 



TABLE I.  THERMO-PHYSICAL PROPERTIES OF  AL2O3 NANOPARTICLE 

AND WATER 

Properties 
Al2O3 nanoparticle 

(p) 

Water 

(bf) 

Density,   (kg/m3) 3880 998.2 

Thermal Conductivity, k 
(W/m−K) 

36 
0.597 

Sp. Heat, c (J/kg−K) 773 4182 

Viscousity (kg/m−s) − 9.93 × 10
−4

 

In the present study, temperature independent; 

volume fraction dependent densities of Al2O3−water nanofluid 

have been used. The equation suggested by researchers [14, 

19] for calculation of volume fraction dependent density of 

nanofluid is given in Eq. (8) 

(1 )nf bf p        (8) 

Eq. (8) is commonly used to obtain the density of nanofluid, 

and has been obtained from experimental results of Pak and 

Cho [20]. The dynamic viscosity of nanofluid was evaluated 

from the classical homogenous two phase mixture model 

neglecting the slip velocity between the phases given in Eq. 

(9) 

2123 7.3 1
nf

r

bf


  


     (9) 

The specific heat of the mixture was obtained from Eq. (10) 

reported by researchers [18, 21-22] 

(1 )nf bf pc c c      (10) 

The thermal conductivity is determined using Eq. (11). 

24.79 2.72 1
nf

f

bf

k
k

k
      (11) 

In Eq. (11), the nanoparticles are assumed as spherical in 

shape which, in reality, may not be the case. Thus, this model 

under-predicts the thermal conductivity of nanofluid.  

However, this model is very simple and easy to implement in 

numerical computations. That is why we have used it here. 

The area weighted average Nusselt number, local Nusselt 

number, bulk mean temperature and the Reynolds number 

based on hydraulic diameter of duct are given as follows: 

The area weighted average Nusselt Number: 

1
.Nu NudA

A
     (12) 

Where, dA is the cross-sectional area 

The local Nusselt number: 

w h

nf

h D
Nu

k
    (13) 

where, the local heat transfer coefficient is: 

( ) ( ( ) | 0) ( )w w w b nf w bh q T T k T r r T T        (14) 

Here, r is the coordinate direction in y and z. 

The bulk mean temperature in the computational domain is 

computed from the local temperature T according to the 

following equation: 

1
Tb TdA

A
     (15) 

All properties are calculated from the bulk mean temperature. 

Re
nf in h

Dh

nf

u D


    (16) 

III. NUMERICAL SOLUTION PROCEDURE 

Conservation equations for mass, momentum and 

energy were integrated over the control volume to yield a set 

of algebraic equations. The second order upwind scheme was 

used for the convective terms [16, 17]. The energy equation 

was solved using the laminar model.  SIMPLE (Semi-Implicit 

Method for Pressure-Linked Equations) algorithm has been 

employed for pressure–velocity coupling to solve pressure 

correction equation. The algebraic equations are then solved 

iteratively using a point implicit (Gauss–Siedel) linear 

equation solver in conjunction with algebraic multi-grid solver 

of Fluent 16 by incorporating appropriate boundary 

conditions. The under relaxation factors (for pressure = 0.3, 

momentum = 0.7 and energy = 1) were used to update solution 

variables at the end of each iteration. Thus, the solutions were 

found to converge, when the residuals resulting from iterative 

solutions fell between 10
−5

 and 10
−7

 for the momentum and 

energy equations respectively. 

IV. VALIDATION OF NUMERICAL METHODOLOGY 

The validation for the present computational 

methodology has been carried out with the analytical results of 

Muralidhar and Biswas [23] as well as with the computational 

results of Chakraborty [24]. The literature in 180-dergree bend 

tube of triangular cross section is sparse; therefore we decided 

to validate our numerical scheme with a square duct. It is seen 

from Fig.2 that the present numerical method agrees well with 

the results published in open literature. Thus, we derived 

confidence to use the present numerical scheme for our 

analysis.  
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Fig.2. Validation for outlet velocity  

 

 

 



V. RESULTS AND DISCUSSION 

A triangular 180-degree U-bend with a hydraulic 

diameter of 0.03m and an aspect ratio of 1 is taken into 

consideration to find the heat transfer of the nanofluid flowing 

through U-bend. The bent portion of the duct has been meshed 

with tetrahedral cells with gradual fine mesh in the vicinity of 

the duct walls so as to capture the sharp change in the gradient 

of the flow variables. The straight portions of the approaching 

and return sections have been meshed with hexahedral cells in 

order to control the number of cells. Thus, a hybrid (i.e., 

tetrahedral + hexahedral) meshing scheme has been deployed 

in the present investigation. A grid independence test (see Fig. 

3) has been carried out by considering the Reynolds number 

and nanofluid volume fraction 2,000 and 5%, respectively. 

Gradual refinement of cells from 75, 515 to 94,406 have been 

done in the computational domain. As the cells are increased 

from 75,515 to 92,368, the Nusselt number has been increased 

by 16.2%, and thereafter, an insignificant change in Nusselt 

number has been noticed as cells are changed from 92,368 to 

94,406. Thus, we declared the domain to be grid independent 

at 92,368. The grid independent study is carried out by 

applying constant temperature of 353 K to all the walls of the 

bend portion only. 

Fig. 4 shows the variation of average Nusselt number 

with the duct Reynolds number as function of nanofluid 

volume fraction for wall−1 where wall−1 is maintained at 

constant temperature and all the rest walls are adiabatic. In the 

same plot, the orientation of the duct walls is shown in the 

right hand bottom figure. The Reynolds number and volume 

fraction of nanofluid are varied in the ranges of 

1,000 Re 2,000Dh   and 0% 5%  , respectively. It is 

observed that the Nusselt number increases with the duct 

Reynolds number for a particular volume fraction. It is quite 

obvious that the convection strength of the fluid increases with 

Reynolds number, and thus, enhances the heat transfer from 

the heated wall to the bulk fluid leading to an increment in 

Nusselt number. 
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Fig.3. Grid Independence Test 
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Fig.4. Variation of average Nusselt number with Reynolds number of the duct 

when Wall 1 at 353 K; walls 2, 3 adiabatic 

 

 

From Fig. 4, it was found that the Nusselt number increases by 

13.4% as ReDh
increases from 1,000-2,000, for 5%  . At a 

particular Re 2,000Dh  , as the volume fraction increases from 

0% − 5%, the Nusselt number is also increased by 3.4%. The 

addition of the nano-sized particles enhances the thermal 

conductivity of the suspension (i.e., water + nanoparticle) 

which can carry more heat from the heated surface to the bulk 

fluid. Therefore, the Nusselt number increases with increase in 

nanofluid volume fraction. 

Fig. 5 shows the Nusselt number variation with 

ReDh
as a function of , when wall−3 is maintained at 

constant temperature. The Nusselt number, in this case, has 

been increased by 3.9% as volume fraction increases from 

0%-5% at Re 2,000Dh  . A comparison for Nusselt number 

using different boundary conditions at 4%  has been shown 

in Fig. 6. It is quite evident that when wall−3 is maintained at 

constant temperature the heat transfer enhancement is found to 

better than the other case. Thus, it is very much essential for 

the design of the thermal equipment to know the heat transfer 

enhancement for a better and efficient design. 
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Fig.5. Variation of average Nusselt number with Reynolds number of the duct 
when Wall 3 at 353 K; Walls 1, 2 adiabatic 
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Fig.6. Comparison for heat transfer by two different boundary 

conditions with ϕ= 4% 

 

VI. CONCLUSION 

Governing equations for mass, momentum and energy are 

solved in finite volume method with appropriate boundary 

conditions for a 3-dimensional 180-degree return U-bend pipe 

in order to reveal the heat transfer characteristics. Water 

soluble Al2O3 nanofluid has been employed for the analysis. 

Following conclusions can be drawn from the present study. 

1. The Nusselt number increases with the duct Reynolds 

number irrespective of the nanofluid volume fraction. 

2. It has been observed that the heat transfer rate is 

increased with nanofluid volume fraction.  

3. When wall-3 is maintained at constant temperature, 

the heat transfer was found to better that the case 

where wall-1 is maintained at constant temperature. 

 

List of symbols: 

hD  Hydraulic diameter of the rectangular duct 

(m) 

pc   Specific heat (J kg
-1

 K
-1

) 

k   Thermal conductivity (W m
-1

 K
-1

) 

uin   Inlet velocity (m s
-1

) 

u, v, w  Velocity in x-, y-and z-directions (m s
-1

) 

P   Pressure (N m
-2

) 

Tw   Wall temperature (K) 

T0  Inlet temperature (K) 

Tb   Bulk mean temperature (K) 

Nu   Area weighted average Nusselt number 

ReDh  Duct Reynolds number based on hydraulic 

diameter of the duct 

wq   Heat flux of isothermal surface (W m
-2

) 

 

Greek symbols: 

  Density (Kg m
-3

) 

  Kinematic viscosity (N s m
-2

) 

  Volume fraction 

 

 

Subscripts: 

w Wall 

b Bulk 

in Inlet 

o Outlet 

bf Base fluid 

nf Nano fluid 
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